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State change, quantum probability, and information gain in the operational phase-
space measurement are formulated by means of positive operator-valued measure
(POVM) and operation. The properties of the operational POVM and its marginal
POVM which yield the quantum probability distributions of the measurement
outcomes obtained by the operational phase-space measurement are investigated.
The Naimark extension of the operational POVM can be expressed in terms of
the relative-position states and the relative-momentum states in the extended
Hilbert space. An observable quantity measured in the operational phase-space
measurement becomes a fuzzy or unsharp observable. The state change of a
physical system caused by the operational phase-space measurement is described
by the operation which is obtained explicitly for the position and momentum
measurements and for the simultaneous measurement of position and momentum.
Using the results, the entropy change of the measured physical system and the
information gain in the operational phase-space measurement are investigated.
It is found that the average value of the entropy change is equal to the Shannon
mutual information extracted from the outcomes exhibited by the measurement
apparatus.

1. INTRODUCTION

The operational phase-space measurement (Wodkiewicz, 1984, 1986,
1987; Burak and Wédkiewicz, 1992; BuZek et al., 1995a, b; Englert and
Wédkiewicz, 1995), which is closely related to the simultaneous quantum
measurement of position and momentum (Arthurs and Kelly, 1965; Busch,
1985; Stenholm, 1992) and to the quantum measurement on fuzzy or unsharp
observables (Prugovecki, 1973, 1974, 1975, 1976a, b, 1977; Twareque Ali and

! Advanced Research Laboratory, Hitachi Ltd., Akanuma 2520, Hatoyama, Saitama 350-03,
Japan.

2583
0020-7748/97/1200-2583$12.50/0 © 1997 Plenum Publishing Corporation



2584 Ban

Emch, 1974; Twareque Ali and Doebner 1976; Twareque Ali and Prugovecki,
1977a, b; Morato, 1977), is formulated in terms of quantum probability
distributions which are functions of position and momentum variables defined
on the quantum phase space. The quantum probability distribution can be
expressed in terms of the smoothed Wigner function, which is the convolution
of two Wigner functions (O’Connell and Wigner, 1981; Smith, 1988; Lalovi¢
et al., 1992; Orlowski and Wiinsche, 1993), or as the convolution of the P-
function and Q-function, which are quasi-probability distributions in the phase
space. Such smoothing is ascribed to the finite accuracy of a measurement
apparatus and to the fuzziness or unsharpness of a measured physical quantity.
Unlike the Wigner function, the smoothed Wigner function is nonnegative
and can be interpreted as the probability distribution of position and momen-
tum that is defined on phase space analogous to the one in the classical
statistical mechanics (Mayer and Mayer, 1977).

The phase-space description of quantum mechanics is also useful for
investigating quantum chemical systems (Torres-Vega, 1993a, b; Torres-Vega
and Frederick, 1990, 1993; Harriman, 1994; Wlodarz, 1994; Moller et al.,
1997). Furthermore, an uncertainty relation, called the operational uncertainty
relation (Wédkiewicz, 1987), is established in the operational phase-space
measurement. The minimum value of the operational uncertainty is twice
that of the usual uncertainty of position and momentum variables. This is
because the uncertainty caused by the measurement apparatus as well as the
intrinsic uncertainty in the quantum state of a physical system enter in our
observation. It is shown that the operational phase-space probability distribu-
tion can be derived within the framework of the relative-state formulation
of quantum systems (Ban, 1991, 1993a, 1996) that was originally constructed
to introduce a quantum mechanical phase operator (Ban, 1992a, b, 1993b,
1994a, b). Moreover, the new interpretation of the scalar product in the
Hilbert space of a quantum system considered by several authors (Prugovecki,
1982; O’Connell and Rajagopal, 1982; Aharonov et al., 1981) is closely
related to the concept of the operational phase-space measurement. The
operational approach to optical homodyne detection has recently been consid-
ered (Banaszek and Waédkiewicz, 1997).

Quantum measurement is mathematically described in term of a positive
operator-valued measure (POVM), also called an effect, in the most general
way (Davies, 1976; Helstrom, 1976; Holevo, 1982; Kraus, 1983; Busch et
al., 1995; Ozawa, 1984, 1993; Peres, 1993). POVM includes a projection-
valued measure as a special case that describes the standard quantum measure-
ment considered by von Neumann (1955), referred to as the first-kind mea-
surement. The quantum probability of some measurement outcome is
calculated by the POVM and the statistical operator of a measured quantum
state. The change of the quantum state of a physical system caused by
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quantum measurement is described by an operation (or a completely positive
instrument) (Davies, 1976; Kraus, 1983; Busch et al., 1995; Ozawa, 1984,
1993), which is expressed as a superoperator (Fano, 1957; Crawford, 1958;
Prigogine et al., 1973; Schmutz, 1978; Umezawa et al., 1982; Umezawa,
1993). An operation is related to a POVM through a quantum probability.

So far, the operational phase-space quantum measurement has been
formulated in an empirical and intuitive way (Woédkiewicz, 1984, 1986,
1987; Burak and Wédkiewicz, 1992; BuZek et al., 1995a, b; Englert and
Wadkiewicz, 1995). Furthermore, although the quantum probability distribu-
tions of the measurement outcomes were obtained, the state change caused
by the operational phase-space measurement has not been considered in
detail. Therefore, using the POVM and the operation, we will investigate the
operational phase-space measurement and obtain the change of the quantum
state caused by the effect of the measurement in a systematic way.

An information-theoretical approach to quantum measurement has
recently attracted much attention since it provides a basis for quantum infor-
mation, communication, and computation (Bendjaballah et al., 1991; Belavkin
et al., 1995; Hirota et al., 1997). Therefore it is important to investigate the
entropy change of a physical system and the information gain extracted from
measurement outcomes in the operational phase-space measurement. In this
paper, we will consider the measurement entropy (Ballan et al., 1986) and
the relation to the Shannon mutual information or the mean information
content (Shannon, 1948a, b; Brillouin, 1956; Majernik, 1970, 1973; Cover
and Thomas, 1991) in the operational phase-space measurement. For this
purpose, we have to obtain the POVM and the operation for the operational
phase-space measurement. It will be shown that the average value of the
entropy change of a physical system in the operational phase-space measure-
ment of position or momentum is equal to the Shannon mutual informations
extracted from the outcomes exhibited by the measurement apparatus.

The remainder of this paper is organized as follows. In Section 2, we
briefly summarize the operational phase-space measurement in a convenient
way for our purpose (Wédkiewicz, 1984, 1986, 1987, Burak and Wédkiewicz,
1992; Buzek et al., 1995a, b; Englert and Wédkiewicz, 1995). There we
give several examples of operational phase-space probability distributions.
In Section 3, we obtain the operational POVM that describes the operational
phase-space measurement. Furthermore, we investigate the Naimark exten-
sions of the operational POVM and show that the Naimark extensions are
expressed in terms of the relative-position states and the relative-momentum
states (Ban, 1993a, b, 1996; Hongi-yi and Klauder, 1994; Hongi-yi and Xiong,
1995; Hongi-yi and Yue, 1996). Using the results, we investigate the marginal
POVM and the observable quantity in the operational phase-space measure-
ment. The quantity measured in the operational phase-space measurement
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becomes a fuzzy or unsharp observable. In Section 4, we obtain the operation
that describes the state change of the physical system caused by the operational
phase-space measurement. There we consider position and momentum mea-
surements and the simultaneous measurement of position and momentum.
To this end, we apply the superoperator method or thermofield dynamics
(Fano, 1957; Crawford, 1958; Prigogine et al., 1973; Schmutz, 1978; Umez-
awa et al., 1982; Umezawa, 1993) to express the results in a simple form.
In Section 5, we consider the entropy change of the physical system and the
information gain in the operational phase-space measurement of position and
momentum. It is shown that the average value of the entropy change is equal
to the Shannon mutual information obtained from the measurement outcomes
shown by the measurement apparatus. Furthermore, the simultaneous mea-
surement of position and momentum is also considered. In this case, we use
the Q-function and the Wehrl entropy (Wehrl, 1978, 1979) as the probability
distribution of position and momentum and the entropy. In Section 6, we
summarize our results.

2. OPERATIONAL PHASE-SPACE MEASUREMENT
2.1. Operational Probability Distribution

In this section, we summarize the operational phase-space measurement
(Wédkiewicz, 1984, 1986, 1987; Burak and Wdédkiewicz, 1992; BuZek et al.,
19954, b; Englert and Wodkiewicz, 1995) in a convenient way for our purpose.
Suppose that we observe a physical system in quantum state p, where p is
a statistical operator defined on the Hilbert space ¥ of the physical system.
To observe the physical system, we must use a measurement apparatus that
is prepared in quantum state &, defined on the Hilbert space 3, of the
measurement apparatus. Of course, the quantum state G, should be appropriate
for the measurement that we carry out. Let & be a statistical operator defined
on the Hilbert space # of the physical system, which has the same property
as that of the statistical operator &, of the measurement apparatus (see Section
4). In the operational phase-space measurement, the quantum state described
by the statistical operator & is referred to as a quantum-filter state or a
quantum-ruler state (BuZek et al., 1995a, b).

In the operational phase-space measurement, to observe the physical
system, we compare the quantum state p of the physical system with the
quantum-filter state &. To do this, we first transport the quantum-filter state
& to the measured physical system in the phase space, and then we investigate
the overlap between the quantum states p and &. This transportation in the
phase space is given by the unitary transformation D(r, k)6D'(r; k), where
the pair (1, k) represents the amount of the transportation in the two-dimen-
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sional phase space and the unitary operator D(r, k) is the displacement operator
given by

D(r, k) = expli(kt — rp)] 2.1
= explpd — p*a'l = D(p)

Here the operators £ and  are the canonical position and momentum operators
of the physical system, satisfying the canonical commutation relation [£, p] =
i (h = 1), and the operators d and 4" are bosonic annihilation and creation
operators, which satisfy the commutation relation [d4, 4"] = 1, where the
operators d@ and @' are related to £ and p by the relations

. _X+ip g X —ip

= , ar = 2.2

Furthermore, the complex parameter p is defined by
_r+ ik
N

In this paper, we will confine ourselves to considering two-dimensional
phase space. The generalization to phase space of higher dimensionality
is straightforward.

Therefore the operational phase-space probability distribution W(r, k)
(Wédkiewicz, 1986; Buzek et al., 1995a; Ban, 1996) is given by

2.3)

1 . "
W(r, k) = 5 Tr[pD(r, K)&D'(r, k)] 24
where Tr stands for the trace operation over the Hilbert space of the physical
system. It is easy to verify that the operational phase-space probability distri-
bution W(r, k) is nonnegative and normalized as

jw dr jm dk W(r, k) = 1 2.5)

— —

The quantity W(r, k)Ar Ak represents the probability that the measured values
of the phase-space variables r and k belong to the ranges (1, r + Ar) and (%,
k + Ak), where Ar and Ak are infinitesimal quantities. The meaning of the
phase-space variables r and k will be considered later. The operational phase-
space probability distribution W(r, k) given by equation (2.4) is also called
the propensity of the quantum state (Wodkiewicz, 1984, 1986).

The operational phase-space probability distribution W(r, k) can be
expressed in terms of well-known phase-space functions such as the P-
function and Q-function (Husimi function). To do this, we introduce the
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phase-space function P,(a; s) of the quantum state ¢ (Cahill and Glauber,
1969a, b; Agarwal and Wolf, 1970a—c),

Py(a; 5) = Tr[pT(as; 5)] (2.6)
with
T(o; 5) = lj d% D(&; s) explag* — a*E] Q.7
T Jier?
D s) = exp[:‘gdT — %G + %slglz] (2.8)

where d% = d(Rec £) d(Im £) and Re(£) [Im(§)] stands for taking the real
(imaginary) part of complex variable €. In equation (2.7), R stands for the
whole real axis. The phase-space function P,(o; s) is called the s-ordered
quasi-probability distribution, since P,(a; s) is normalized as [,gr? d? a
Py(a; s) = 1, but in not nonnegative. The statistical operator p is expressed
in terms of Py(a; 5) and T(a; ),

p= lj d% Py(a; — 5)T(a; 5) (2.9)

w acR?

Using the s-ordered quasi-probability distributions, we can express the opera-
tional phase-space probability distribution W(#, k) as »
Wr, k) = 2—1—2j d’a Py(a + p; 5)Pg(a; —s) (2.10)
Gl aeR?
where we set p. = (r + ik)/ ﬁ, and P,(c; s) is the s-ordered quasi-probability
function of the quantum-filter state &.

It is easy to see from the definitions that the phase-space functions Py(a)
= (/m)Py(a; 1), W(a) = (1/m)P(a; 0), and QO (a) = (1/m)P,(a; —1) are,
respectively, the P-function (Glauber, 1963a, b; Sudarshan, 1963), the Wigner
function (Wigner, 1932; Hillery et al., 1984), and the Q-function (Husimi
function) (Husimi, 1940; Kano, 1965; Mehta and Sudarshan, 1965) of the
quantum state p, which are given by

Pp(a)=% ACE 1>=#f | A& Trlpe¥e e =% (2.11)
¢eR

W) = S Py 0) = 5 | d% Trfpet €alent <"t .12)
™ T Jeen

Q) = 1 Pyo; —1) = % J d2% Tr[pe £t ]t ~ot (2.13)
v k1) §ER2
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Thus, using these functions, we obtain the expressions for the operational
phase-space probability distribution W(r, k) as follows:

W(r, k) = f dq J dp Py(q + r, p + K)Qs(q, x)

] —x0

= J dq f dp Qu(q + 1, p + k)P,(q, x)

—oe —C

= Jw dg fa dp Wy(qg + r,p + K)W,(q, x) 2.14)

—oe —oo

where we set F(q, p) = F(a) (F = P W, Q) witha = (g + ip)/ﬁ. The
last expression in this equation is the smoothed Wigner function (O’Connell
and Wigner, 1981; Smith, 1988; Lalovi¢ et al., 1992; Orlowski and
Wiinsche, 1993).

In particular, when the quantum-filter state is vacuum, namely, 6 =
I0X0I, the operational phase-space probability distribution ‘W'(r; k) becomes

W(r, k) = ex 1 —6—2-+22— Wo(r, k) (2.15)
’ Plalarr " o) | :
On the other hand, when the quantum state of the physical system and the
quantum-filer state are both pure, setting p = W)}P! and & = Idb)}d! yields
the following expression for the operational phase-space probability distribu-
tion W(r; k):
1 2
= — (WID(r, k)
W(r, k) - ‘(\lﬂ (r, k)\d)

0 2
J dx ¥(x + rd(x) exp[~ikx] (2.16)

1
2w
which is the same form that was used for considering a new interpretation

of the scalar product in the Hilbert space of the physical system (Prugovecki,
1982; O’Connell and Rajagopal, 1982; Aharonov ez al., 1981).

2.2. Properties of the Probability Distribution

We now consider the properties of the operational phase-space probabil-
ity distribution W'(r; k). We first investigate the average values of the phase-
space variables r and k& and their fluctuations. For the sake of simplicity, we
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first assume that the quantum-filter state is the vacuum state & = [0)(0l.
Then it is found from equation (2.4) that

r = J " ar r dk FW(r, k) = Tr(#p] = (%), 2.17)
k) = r dr J " kKW k) = Trpp] = ®o (2.18)

Thus the average values of the phase-space variables r and k are equal to
those of the position and momentum of the physical system in the quantum
state p. The fluctuations are given by

(Ar)? = Jm dr Jw dk(r — (M)*W(r, k) = (A %) + % (2.19)

—o —oo

(Aky* = J i dr Jw di(k — (k)W (r, k) = (A,p)* + % (2.20)

—c0 -0

where we have defined (A,£)* = ((£ — (£),)%), and (A,p)* = ((p — (P))D)e
This result indicates that the fluctuations of the phase-space variables r and
k are larger by 1/2 than the intrinsic fluctuations of the position and momentum
of the physical system in the quantum state p. The increase of the fluctuation
is ascribed to the unsharpness or the finite accuracy of the measurement
apparatus. It is clear that the value of 1/2 is the magnitude of the vacuum
fluctuation of the measurement apparatus.

For an arbitrary quantum-filter state &, we obtain the average values
and fluctuations of the phase-space variables r and k (Ban, 1996),

N=@E +tc, R=(P)y+c 2.21)
(Ar)? = (A, 0 + (A, %) (2.22)
(Ak)* = (A,p)* + (Asp) (2.23)

where c, and ¢, are the parameters that correspond to the phase-space coordi-
nate of the measurement apparatus and we may set ¢, = ¢, = 0 by appropri-
ately choosing the origin of the coordinate system of the phase space. The
additional fluctuations (A,%£)? and (A,p)? in the quantum-filter state & are
given by

(A% = Tr[#26] — {Tr(£5]} (2.24)
(Ap)* = Tr(p*6] — (Tr[po]} (2.25)
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It is considered that additional fluctuations are caused by the finite accuracy
of the measurement apparatus. Therefore we obtain the operational uncertainty
relation of the phase-space variables (Wédkiewicz, 1987),

(AP (Ar? = [(AD)(8pP) + (A H(AP)T = 1 (2.26)

where we set # = 1. It is found from the above consideration that the phase-
space variables r and k represent the position and momentum of the measured
physical system, which includes the effect of the measurement apparatus.

Next we consider the marginal distributions of the operational phase-
space probability distribution W(r; k), which are given by

Wqr) = jw dk W(r, k) (2.27)

—00

Wk) = r dr W(r, k) (2.28)

—o0

Substituting (2.4) or (2.14) into these equations, we can express the marginal
distributions W (r) and W (k) as

00

Wu(r) = f dx flx — r){xlplx) (2.29)

—o0

0

Wik)y = j dk g(p — kXp!plp) (2.30)

where the functions f(x) and g (p) are given by
f&x) = (xI61x),  g(p) = (pI6lp) (2.31)

In equations (2.29)—2.31), state vectors |x) and Ip) represent the eigenstates
of the canonical position and momentum operators, that is, £lu) = ulu), £lu)
= jdlu)/ou and Plu) = —idlu)/ou, plu) = ulu). It is seem from (2.29) and
(2.30) that the function f(x) or g(p) is the filter function that determines
the accuracy of the measurement apparatus in the position or momentum
measurement on the physical system. Therefore, it is found that the quantum-
filter state & characterizes the measurement apparatus in the operational
phase-space measurement. The marginal distributions given by (2.29) and
(2.29) appear in the fuzzy space formulation of quantum mechanics (Prugo-
vecki, 1973, 1974, 1975, 1976a, b, 1977; Twareque Ali and Emch, 1974;
Twareque Ali and Doebner, 1976; Twareque Ali and Prugovecki, 1977a, b;

Morato, 1977).
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When the quantum-filter state is the squeezed-vacuum state with real
squeezing parameter y (Yuen, 1976), namely,

=1y, ly) = exp[% y(@? - éz)] 10) (2.32)
the filter functions f(x) and g(p) are given by
1 x?
f) = ey eXp(—§> (2.33)
1 _p?
g(p) = N exp( ﬁ) (2.34)

Thus we see that if vy > 0 (y < 0), the measurement of the momentum
(position) is more accurate than that of the position (momentum). In particular,
we can approximate W (r) = (rlplr) for —y >> 1 and W (k) =~ (kIplk) for
v >>> 1. Therefore, if —y >> 1 (y >> 1), the additional fluctuation caused
by the measurement apparatus does not come in the position (momentum)
measurement on the physical system. But we cannot obtain W (r) = (rlpir)
and W (k) = (kIplk) simultaneously, which violates the uncertainty relation
of the measurement apparatus.

2.3. Examples of the Operational Probability Distribution

Before closing this section, we give the operational phase-space probabil-
ity distributions W (r, k) for the several quantum-filter states &. We first
consider the vacuum filter state & = I0)0I. In this case, the operational
phase-space probability distribution becomes the Q-function (Husimi func-
tion) (Husimi, 1940; Kano, 1965; Mehta and Sudarshan, 1965) of the quantum

state p of the physical system,
1
W(r, k) = — (plpl 2.

(r, k) = o= (uiplw) (2.35)
where |) is the coherent state with complex amplitude . = (» + ik)/ﬁ.
The phase marginal distribution W(8) of equation (2.35) can be used for
investigating the phase properties of the photon (Burak and Wddkiewicz,
1992),

Wy(0) = Jw dR RW (r, k) (2.36)
0

where R = /r? + k?and tan 0 =

~ I
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When we choose the Fock state In)(nl as the quantum-filter state, we
obtain the operational phase-space probability distribution,

1
Wr, k) = o (W, nlplp; n) 2.37

where |; n) = D( )Y is the displaced number state (Boiteux and Levelut,
1973; Mahran and Satyanarayana, 1986; de Oliveira et al., 1990). In particular,
when the measured physical system is prepared in the coherent state lo) with
a=(g+ zp)/ﬂ equation (2.37) is calculated to be

W0, B = Sz [ = aF + (k= pPY" exp[—é =P -5 k- p)z]
(2.38)

which yields the average values and fluctuations of the phase-space variables,
(ry = q, (k) = p and (Ar)> = (Ak)> = | + n. Thus, the higher excited
quantum-filter state gives the lower measurement accuracy.

Next we consider the thermal state py, as the quantum-filter state,

1 & 7\
P = +ﬁ2( T )m}(m (2.39)

where 7 is the average value of the thermal photon number. In this case, the
operational phase-space probability probability distribution is obtained by
averaging equation (2.37) with respect to n by means of the probability
pn) = wl(1 + n)"*,

o

— l ﬁ \ A .
W(r, k) = Y 2:‘6 (1 n ﬁ) (., nlplw; n) (2.40)

When the measured physical system is in the coherent state l), we obtain
the following Gaussian distribution:

(r =+ (k= p>2] 2.41)

i
Wb =+ eXp[ 21 + 7)

where we set o = (g + ip)/ﬂ. Then we have the average values and
fluctuations of the phase-space variables, (r) = g, (k) = p, and (Ar)? = (Ak)?
= 1 + n. It is reasonable that the measurement accuracy becomes lower as
the thermal noise of the measurement apparatus increases.
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The marginal distributions of position for the operational phase-space
probability distributions, (2.38) and (2.41), become

@2m)!

(x = gy exp[—% - q)Z]

Wi = /E ,,,20 2 — )]
(2.42)
_ 1 - q)z]
W(x) \/2‘"(1 _— exp[ 21 F 7) (2.43)

On the other hand, the intrinsic position probability of the physical system
prepared in the coherent state la) is given by

Px) = Kalx)l?> = ﬁ expl—(x — ¢)4 (2.44)

The position probability distributions given by equations (2.42)—(2.44) are
plotted in Fig. 1. The figure show the characteristic feature of the operational
phase-space probability, where the effect of the measurement apparatus
changes the shape of the probability distribution.

06— —————

Probability
o
—

o
N
Y

0 10

X
Fig. 1. Probability distribution of the position of the physical system in the coherent state lo)
with ﬁ Re a = g = 5. (a) The intrinsic position probability of the physical system [equation
(2.44)], (b) the operational position probability for the thermal filter state with n = 2 [equation
(2.43)], and (c) the operational position probability for the number filter state with n = 2

[equation (2.42)].
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Furthermore, when the quantum filter is in the coherent state IB), the
operational phase-space probability distribution becomes the Q-function,

W0, B = 5= (o + Bipl + B) (2.45)

We finally consider the squeezed-vacuum state given by equation (2.32) as
the quantum-filter state. Using the Wigner function W,(g, p) of the quantum
state p of the physical system, we obtain the operational phase-space probabil-
ity probability distribution,

W, by = %J dq J dp expl—e "2(r ~ g)*

—00 —co

— ek — pYIW (g, P) (2.46)

which is equivalent to the generalized antinormally ordered distribution func-
tion investigated by Lee (1995). For the coherent state la) with complex
amplitude a = (g + ip)/{/2 of the physical system, equation (2.46) becomes

(r—q@* (k—p)
ey + e™) Pl T ey "1+ e

W, k) = ] (247)
which yields the average values and fluctuations of the phase-space variables,
(r) = g, k) = p, (A* = 3(1 + e?), and (Ak)? = L(1 + e™™).

3. QUANTUM PROBABILITY IN OPERATIONAL PHASE-
SPACE MEASUREMENT

3.1. Operational Positive Operator-Valued Measure

The quantum probability that we obtain some measurement outcome
when we perform a quantum measurement on a physical system can be
expressed in terms of a positive operator-valued measure (POVM) and a
statistical operator (Davies, 1976; Helstrom, 1976; Holevo, 1982; Kraus,
1983; Busch et al., 1995; Ozawa, 1984, 1993; Peres, 1993). The quantum
probability of measurement outcome x; is given by P (x;) = Tr{lI(x;)p], where
p is the statistical operator that describes the quantum state of the measured
physical system and II(x;) is the POVM that describes the quantum measure-
ment which yields the outcome x;. The POVM 1l(x)) is a nonnegative Her-
mitian operator and constitutes a resolution of the identity,

fxy=0, FMx)=1 3.1
J

where 1 is an identity operator defined on the Hilbert space % of the physical
system and the summation is taken over all possible measurement outcomes.
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These relations ensure that the quantum probability P(x;) is nonnegative
and normalizable.

To consider the POVM that describes the operational phase-space mea-
surement, recall that the probability W(A,, A,) that the outcomes r and & of
the operational phase-space measurement belong to the ranges A, and A; is
obtained from equation (2.4),

WA,, A = 2% f drj dk Te[D(r, )&D'(r, k)p] (3.2)
rel k

r €Ay

where A, and A, stand for intervals on the real axis. We refer to W(A,, A)
as the operational phase-space probability, and we easily find the follow-
ing relations:

W(A,, Ay =0, WR, R) = 1, WA, 0 =W@, A) =0 (3.3)
WAD U AR, A) = WAD, A + WA, A) 3.4
WA, AP U AR) = W(A,, AD) + W(A,, AR) 3.5)

where R stands for the whole real axis and AV and A? (x = r, k) are disjoined
subsets of R, namely, A’ N AP = AfY N AP = @.

The POVM ﬁ(A,, A,) of the operational phase-space measurement,
called the operational POVM, is the nonnegative Hermitian operator and the
resolution of the identity such that it should satisfy the relation

W(A,, A) = Tr(l(A,, A)p) (3.6)

where p is the statistical operator of the physical system. Thus we obtain the
following equality from (3.2) and (3.6):

Tr{I1(A,, A)p] = % f dr J dk Te[D(r, 6D (r, Pl (3.7)
rel, kel

Since this equality should hold for any statistical operator p of the physical
system, the operational POVM 1I(A,, A)) is given by
1

A, A) = EJ dr J dk D(r, k)6D'(r, k) (3.8)
rel k

r ed

It is the easy task to see that the operational POVM A, A) given by this
equation satisfies the following relations:

A, A) =0, MR R =1 A, 0 =1@A) =0
3.9

AR U A®, Ay = TIAD, A) + TI(AD, A (3.10)
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1A, AP U AP) = [IA,, Ay + TI(A,, AP) (3.11)
[T1(A,, AD1> # TT(A,, AY (3.12)

where A’ and A (A{" and Af?) are disjoined subsets of R. It is seen from
the last relation that the operational POVM TI(A,, A,) does not become a
projection-valued measure. This indicates that the operational phase-space
measurement (Wédkiewicz, 1984, 1986, 1987; Burak and Wédkiewicz, 1992;
BuzZek et al., 1995a, b; Englert and Wédkiewicz, 1995) is an unsharp or
fuzzy quantum measurement (Prugovecki, 1973, 1974, 1975, 1976a, b, 1977,
Twareque Ali and Emch, 1974; Twareque Ali and Doebner, 1976; Twareque
Ali and Prugovecki, 1977a, b; Morato, 1977). Expression (3.8) will be used
in the next section to obtain the operation that describes the state change of
the physical system caused by the operational phase-space measurement.

We assume that the quantum-filter state & is a function of the annihilation
and creation operators and we write it as & = 4(4, a"). Then the operational
POVM TI(A,, Ay is expressed as

114, A) = lj d’p. 4@ — ., d' — p*) (3.13)
p,e&,-XAk

where A, and A, are defined by A, = A /ﬁ and A, = A/J/2, and p e
A, X A, means that Rep. € A, and Imp. € A,. Furthermore, when there is
the P-function of the quantum-filter state &, that is, & = [, .g2d%a la)P(a)Xal,
we obtain the expression for the operational POVM,

A, A = #J . dzp.j zdzala)P(,(oc - wlal  (3.14)
welrx Ay aeR

As the example, let us consider the thermal state as the quantum-filter state &,

ata
oL (7
l+n\l+n

= (1 — e~® exp[—04'a] 3.15)

where the parameter 6 is given by 6 = In(l + 7~ 1'). Then, the operator
D(r, k)& D'(r; k) is calculated to be

D(r, K6D(r, k) = 2 sinh(%) exp[—% 8(f — r? — %e(ﬁ - k)2]

| 7 1202 — 12+ 172( p—~k)?
=—( ) (3.16)

Jal+m\l +7
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where £ and p are the position and momentum operators of the physical
system. Therefore we obtain the operational POVM 1I(A,, A,) for the thermal
filter state,

f1a,, a9 = 202 J

dr J dk
rel, kel

X exp[—% 0 — r? — %e(p - k)z]

) 7 120i=n2+ 12(p~k)?
T —————— dr dk | —— 3.17
2w n(l + n) J,EA' LEAk (1 + 'ﬁ) ( )

It is easy to check that the probability TrII(A,, APl calculated from this
equation is equal to that derived from (2.40).

The marginal operational probabilities W(A,) and W(A,) are obtained
from equation (3.2),

o"Vr(Ar) = 0M/‘(Ar’ R)’ cl'Vk(Ak) = W(R’ Ak) (318)

Thus it is found from (3.2), (3.8), and (3.18) that the marginal operational
POVM 1,(A,) and TT(A,) that satisfy W (A,) = TR[H,(A,)p] and WA, =
Tr[Hk(Ak)p] for any statistical operator p of the physical system are given by

1) =@, R) = J dr f " i b — P (3.19)
rel, —o0

(A = IR, AY =J dk f dp Ip)g(p — k(p!  (3.20)
ely

k —o0

where the filter functions f(x) and g(p) that represent the accuracy of the
measurement apparatus are given by f(x) = (xl61x) and g(p) = (ploip). To
prove equation (3.19), we calculate the matrix element of the POVM 11,(A,)
with arbitrary position eigenstates Ix) and ly). Thus we obtain from (3.8)

(IILADlY) = J dr—;;- r dk (xiD(r, &D'(r, bly)  (3.21)
rel, —oo

Using the decomposition formula

e ikg—rp) — eik)?e—irﬁe— 1/2ikr

we calculate this equation
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um@mm=f dqgfcmwmwwwwm»

rel,

=d(x —y) j dr {xle”? Ge'Pix)

rel,

=3(x—y) f dr {x — riélx — r)

rel,

=8(x—y)J drfix —r)

rel,

—o0

= (xl(j dr r dz 12z - r)(zl)ly) (3.22)
rel,

Therefore we have found that (3.19) is established. In the same way, we can
prove (3.20) by calculating the matrix element of the POVM f[k(Ak) with
arbitrary momentum eigenstates.

Recall that the sets of position and momentum eigenstates, S, = {lx) |
x € R} and S, = {Ip)lp € R}, are the complete orthonormal systems of the
Hilbert space of the physical system. Then, using the eigenvalue equations,
fDIx) = f(x)Ix) and g (p)Ip) = g(p)Ip), we obtain from (3.19) and (3.20),

4, = j dr fix — 1) (3.23)
rel,

mmo=f dk g(p — k) (3.24)
kelAy

It is easily seen that the marginal operational POVM does not become a
projection-valued measure and describes the unsharp quantum measurement
of position or momentum of the physical system.

3.2. Naimark Extension and Relative-Coordinate States

We have found that the operational POVM and its marginal POVM for
the operational phase-space measurement are not projection-valued measures.
However, it is well known that by extending the Hilbert space, any POVM
can be defined as a projection-valued measure on the extended Hilbert space
(Helstrom, 1976; Holevo, 1982; Peres, 1993; Busch et al., 1995), which is
called the Naimark extensions of the POVM. Therefore, we consider the
Naimark extensions of the operational POVM and investigate their physi-
cal properties.
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For this purpose, we introduce an auxiliary Hilbert space #, and define
state vector lu(r, k))) in the extended Hilbert space # ® ¥, (Ban, 1993a,
b; 1996),

lu(r, k) = L J*w dx |x + r) & Ix),e™ (3.25)

Vo).

Here we denote state vectors in the Hilbert spaces #, ,, and # ® ¥, as
W), 1), and 1s)). Furthermore, O and O, stand for operators defined on the
Hilbert spaces # and #,. It is easy to see that the set of the state vectors,
{lu(r, ki, k e R}, is the complete orthonormal system in the extended
Hilbert space # & J,, which satisfies the relations,

Culr, )u(r', k")) = 8(r — r')d(k — k') .(3.26)

J ) dr J . dk lu(r, )X (r, b = T® I, (3.27)

where [ and I, are identity operators defined on the Hilbert spaces J and
¥,. The state vector lu(r, k))) is the simultaneous eigenstate of operators
X — X, and p + p, with eigenvalues r and k,

& = Z)lu(r, b)) = rlu(r, k))) (3.28)
(P + B)lu(r, k))) = klu(r, k))) (3.29)

Thus we refer to the state vector |u(r, k))) as the relative-position state.
Let us introduce the bosonic annihilation and creation operators b and
b' defined on the Hilbert space %,,

X, + ip, bt — £, —

J2 J2
Using the annihilation and creation operators (4, d', b, b), we obtain the
Fock-space representation of the relative-position state lu ( k))) (Hongi-yi
and Klauder, 1994; Hongi-yi and Xiong, 1995; Hongi-yi and Yue, 1996;
Ban, 1996),

b= (3.30)

lu(r, k))) = \/— exp(—% Wiz + wat — w*bt + atht — 3 lkr)lO) & 10),
3.3D

where we set . = (r + ik)/ﬁ, and 10) and 10), are the vacuum states, that
is, al0) = 0 and bI0), = 0.

In the same way, we can introduce the relative-momentum state
lv(r, k))) in the extended Hilbert space # ® %,
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v(r, k))) = ﬁ jm dplp + k) ® Ip),e P

=)

=L exp[ <L 1w + pat + wrbt — a6 + L ikr )i0) ® 10),
V2w 2 2

(3.32)

It is easy to see that |v(r k))) is the simultaneous eigenstate of operators
£+ £, and p — p, with eigenvalues r and £,

(£ + 2)lv(r, b)Yy = riv(r, b)) (3.33)
(P — PV, k))) = kIv(r, b)) (3.34)

and that the set of the state vectors, {Iv (%, k))) I, k € R}, becomes the complete
orthonormal system in the extended Hilbert space 3 & #,,. Using the relative-
position state |u (1; k))) and the relative-momentum state |v (; k))), we can obtain
the Naimark extensions of the operational POVM and the marginal POVM.

We now construct a projection-valued measure defined on the extended
Hilbert space # @ ¥, in terms of the relative-position state lu (r; k))) given
by (3.25) or (3.31), which gives the same quantum probability as that obtained
by the operational POVM H(A,, A)). Consider the operator (A,, A;) defined
on the extended Hilbert space # & ¥,

%(Ar’ Ak) = J

r

dr J dk lu(r, b))y u(r, k)| (3.35)
el kelAg

which satisfies the relations

RA,,A) =0, FRR=IQL XA, 0 =2%0 A)=0 (3.36)

FAD U AP, A = FAP, A + XA, A (3.37)
(A, AP U AP) = R(A,, AD) + Z(A,, AP) (3.38)
(A, AYX(AL, AY = (A, N AL AN A) (3.39)

where AV and A®@ (A{” and A{?) are disjoined subsets of R. In particular,
setting A, = A; and A, = Ay in (3.39), we obtain

[F(A,, A)I> = X(A,, A) (3.40)

Therefore it is found from equations (3.36)—(3.40) that the operator S%(A,,
A)) is a projection-valued measure defined on the extended Hilbert space

HRI K,
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To proceed further, let us introduce a statistical operator p, defined on
the auxiliary Hilbert space ¥,

P = i S imy, [niGimd].n (3.41)
m=0 n=0

where § is the quantum-filter state defined on the Hilbert space #. It is seen
that the statistical operator p, satisfies the relations

a(mlﬁa|n>a = (nlcﬂm), a(xlﬁa|y>a = (ykﬂx}, a(ulﬁalv)a = (_VId-l = u

(3.42)

where we have used the relations
(nlx) = ‘/ﬁ e 22H (x) = (xIn) (3.43)
{nlp) = —ﬁf dx ePX(nlx) = (—pln) (3.44)

Here H,(x) is the Hermite polynomial of order n. Using (3.8), (3.25), (3.35),
and (3.41), we can calculate as follows:

TITr[R(A,, AP ® po] = J drj dk - J de dy
rel, relyg 2w — —o0

X e RNy + rlply + 1) X164,

1 o0 o0
= dr J dk — f dx f dy
JreA, rely 2w —o -

X e THMIN ylGix)x + riply + r)

[ | ag| | @
rel, rely; 27 — —%

X (yle®Ge™ E x)(xtePpe P ly)
= f dr J dk 1 Tr[e ~"PeGe~*eiPp)
rel, rely 2w
= J dr j dk = TG, W6D'(r, 6]
rel, rely; 2w

= Tr[[I(A,, A)p] (3.45)
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Therefore we find from equation (3.6) that the following relation is
established:

WA, A) = Tr(TIA,, AYp) = TrTe[R(A,, A)p ® p]  (3.46)

This result indicates that the prolectlon -valued measure %(A,, A}) and the
operational POVM TI(A,, A)) give the same quantum probability W(A,, Ay).
Thus the projection-valued measure %(A,, A,) is the Naimark extension of
the operational POVM H(A,, Ay). The quantum measurement described by
the projection-valued measure %(A,, A)) is the simultaneous measurement
of the position-difference and the momentum-sum, £ — £, and p + p,, in
the extended Hilbert space # & ¥,. Such a quantum measurement can
be implemented in some quantum optical systems (Lai and Haus, 1989;
Ban, 1996).

_ There is another Naimark extension G&J(A,, A,) of the operational POVM
1I(A,, Ap) which is constructed in terms of the relative momentum state
v(r, k))) given by (3.32),

YA, A) = f dr J dk W(r, K))) (v (r, k) (3.47)
rel, kelg

which satisfies the relations obtained by replacing & with @ in (3.36)—~(3.40).
Here we introduce a statistical operator p; defined on the auxiliary Hilbert %,

2 2 ImYa[(— 1y"*™(nlGim)) {n] (3.48)
which satisfies the relations
&x1pay)e = (=161 — x), Aulpyiv), = (Viélu) (3.49)

Therefore, using the same method of deriving (3.46), we can obtain the
expression for the operational phase-space probability,

OW(Ar’ Ak) - TY[H(A,, Ak)P] TrTra[o'y(An Ak)P ® a] (350)

The quantum measurement described by the projection-valued measure Y(A,,
A,) is the simultaneous measurement of the position-sum and the momentum-
difference, £ + £, and p — p,, in the extended Hilbert space # & ¥,. As
seen from the above results, the Naimark extension of the operational POVM
is not unique. This means that there are many standard quantum measurements
in the extended Hilbert space # ® ¥, that correspond to the operational
phase-space measurement in the original Hilbert space #. It should be noted
that the statistical operators p, and p, are related by

b =PpPss  Pa=PpiPs (3.51)
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where @, is the parity operator defined on the Hilbert space ¥, (Royer, 1977),

%0

», = r dx | =x), (¥l = j dp 1=p)a op! (3.52)

~ 00 —

which satisfies the relations #} = P, and $2 =

Next we consider the Naimark extension of the marginal operational
POVM given by (3.19) and (3.20). Using the projection-valued measures
%(A,, A and Y(A,, A, we find from (3.25) and (3.32) that their marginal
projection-valued measures defined on the extended Hilbert space # & ¥,
are given by

20

®(A,) = ¥(A,,R) = J drj delx + N + rl® Ix), (1  (3.53)
rel,

—oo

udy) = TR, &) = j dk F dp Ik — p)k — pl @ Ip), o(p! (3.54)
el

k —

o0

Y (A) = VA, R) = J drf delr — x)Xr — xI ® Ix), (x| (3.55)
rel,

YA = YR, A = j ko dplp + k)(p + kl ® Ip), «pl (3.56)
kel —o0

It is easy to see from (3.46) and (3.50) that the marginal phase-space probabil-
ity distributions W (A,) and W (A,) are expressed as

WAA,) = TrlI1(A,)p)

= TrTr[XA)6 ® po] = TITr [ VAP ®p)]  (3.5T)
WA = TelIl(A)p)

= TrTr[£(A0p ® pal = TITr[Y(ADp D pl]  (3.58)

where the statistical operators p, and p, are given, respectively, by (3.41)
and (3.48) and we have used relations (3.42) and (3.49). Therefore we have
found that the projection-valued measures %,(A,) [V (A,)] and %k(Ak) [ka(Ak)]
are the Naimark extensions of the marginal operational POVM 1A,

[T(AD).

3.3. Measurable Quantity and Fuzzy Observable

We finally consider the observable quantities measured in the operational
phase-space measurement. Since we have obtained the POVM for the opera-
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tional phase-space measurement, it is easy to obtain the observable quantities.
It should be noted here that the operational POVM is not a projection-valued
measure and so the observable quantity does not become a Hermitian operator.
Such a physical quantity is called a semiobservable, unsharp observable, or
fuzzy observable (Prugovecki, 1973, 1974, 1975, 1976a, b, 1977; Twareque
Ali and Emch, 1974; Twareque Ali and Doebner, 1976; Twareque Ali and
Prugovecki, 1977a, b; Morato, 1977).

Recall that the operational position measurement on the physical system
is described by the operational POVM 11,(A,) given by (3.19) or (3.23). Thus
the measured quantity, which is an analytic function Z(x) of position, is
expressed as

Fx) = J " o M) (3.59)

where ﬂ,(dx) = ﬁ,(A,)I A~(xx+ax- If the operational POVM were a projection-
valued measure, this equation would have been the spectral decomposition
of the Hermitian operator %(%). For example, when &(x) = x”", substitutin
(3.19) or (3.23) into (3.59), the measured quantity (fuzzy observable) x"
becomes

= r dr rf(% = r)

—o0

= jw dr (£ — n"f(r)

—oo
n

=3 (Z)(—l)’"ﬁ""" r dr rf(r)

m=0 —o0
= i:o (’:’1>(— 1y £n—mTr[£"¢] (3.60)

where (7) is the binomial coefficient. It is easily seen from this equation that
x" # ()", which is characteristic of the unsharp or fuzzy observable. When
%(x) is an analytic function which is expanded as ¥(x) = 2,%,x", we obtain
the fuzzy observable %(x) measured in the operational position measurement,

n

FO=2% > ( )(—l)mf”‘mTr[)?”’&] (3.61)

n
n m=0 \M
In the same way, using (3.20) or (3.24), we can obtain the fuzzy momen-
tum observable %(k) in the following form:

o0

%p) = f %(k) [1,(dk)

—o0

m=0

=34, 2 <Z>(—1)"’ﬁ"‘"’Tr[ﬁ"’6] (3.62)
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where ﬁk(dp) = fIk(Ak)I Akmipp-tdpy and we have assumed that the function 4(k)
is expanded as 9G(k) = 2,9,k". It is easy to see from (3.61) and (3.62) that

Fo + FE,  Up) * U (3.63)
In particular, when we set F(x) = exp(ipx) and 9(p) = exp(ipp), we obtain

exp(ipx) = exp(inf) Triexp(—ipf)6] (3.64)
expipp) = exp(ipp) Trlexp(—inp)s] (3.65)

which yield the characteristic functions for the operational position and
momentum measurements.

Before closing this section, we consider the squeezed-vacuum state as
the quantum-filter state, namely, & = ly)(yl, where the quantum state ) is
given by (2.32) and the squeezing parameter vy is real. In this case, the
operational POVM II(A,, A)) is given by

A 1
(i, Ay = —f % 1 VXl (3.66)

pe&,xﬁk

where Iy, y) = D(uw)S(y)I0) is the coherent-squeezed state of the physical
system (Yuen, 1976; Walls and Milburn, 1994). Then we obtain the marginal
operational POVM,

2
A 1 X —
A, = o J . dr exp[—(x - ’) ] (3.67)

2
A 1 5 — k
a0 = == LEAk dk exp[_(lf’e_y ) ] (3.68)

by means of which the fuzzy observables of the nth power of position and
momentum are calculated to be

2 NTG+ D y
" — . Nen—2
=2 (2,-) T@ PR (3.69)
A N\TG+ D) y
n — _ . An—j
p = (21) F(%) exp(—2jy)p (3.70)

where I'(x) is the gamma function (Abramowitz and Stegun, 1970) and [x]
is the maximum value of the integer less than or equal to x. In particular,
we have

x=%  xI=32+1lem (3.71)
P=p pI=pPtle™ (3.72)
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The observable quantity measured in the operational phase-space measure-
ment includes the fluctuation caused by the measurement apparatus in addition
to the intrinsic fluctuation appearing in the quantum state of the physical
system. In particular, when —y >> 1 (y >> 1), we obtain XP=R2(pr=
). In this case, the additional fluctuation caused by the measurement appara-
tus does not come in the position (momentum) measurement, though the result
of the momentum (position) measurement becomes completely uncertain.

4, STATE CHANGE IN OPERATIONAL PHASE-SPACE
MEASUREMENT

4.1. State Change in Position Measurement

When we perform a quantum measurement on a physical system, we
can obtain some information about the quantum state of the measured physical
system. At the same time, the quantum state of the physical system is changed
into another quantum state by the effect of the quantum measurement from
which we obtain the information. Therefore, in this section, we investigate
the state change of the physical system caused by the operational phase-
space measurement considered in Sections 2 and 3. The state change of the
physical system is mathematically described by an operation or a completely
positive instrument in the most general way (Davies, 1976; Helstrom, 1976;
Holevo, 1982; Kraus, 1983; Busch et al., 1995; Ozawa, 1984, 1993). So we
will obtain the operation that describes the state change caused by the opera-
tional phase-space measurement. An arbitrary operation is expressed as a
superoperator which transforms an operator into another operator (Fano,
1957; Crawford, 1958; Prigogine et al., 1973; Schmutz, 1978; Umezawa,
1993). It should be noted that superoperators are equivalent to thermofields
(Umezawa et al., 1982; Umezawa, 1993).

Let QJ’(A,, A;) be the operation that describes the state change of the
physical system when the outcomes r and k of the operational phase-space
measurement belong to the ranges A, and Ay. It should be noted that in this
paper, a symbol with double caret such as O stands for a superoperator and
a symbol with single caret such as O represents an operator. Then, using the

operation LA, A, we express the state change of the physical system as
Q(Ara Ak)ﬁ
Te{L(A,, A)p)

where we have assumed that Tr[Q(A,, APl # 0. The probability that such
a state change occurs in the operational phase-space measurement is given

4.1
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by Tr[.?E(AA,, A)p). Thus the operation ?E(Ar, A)) is related to the operational
POVM 1i(A,, Ay by

WA, A) = Tr{TI(4,, A)pl = TrEA,, A)p] (4.2)

where W(4,, A,) and II(A,, Ay are given by (2.4) and (3.8). To obtain the
operation P(A,, A which satisfies the relations (4.1) and (4.2), we have to
assume the interaction Hamiltonian between the measured physical system
and the measurement apparatus. We first investigate the operations for the
operational position and momentum measurement and then we consider the
simultaneous measurement of position and momentum.

We now consider the standard model of the position measurement on
a physical system, where the interaction Hamiltonian between the measured
physical system and the measurement apparatus is given by

I:Iint = gx\ ® ﬁa (43)

where the parameter g represents the strength of the interaction and p, is the
canonical momentum operator of the measurement apparatus. Any quantity
concerned with the measurement apparatus is expressed with a subscript a,
such as O and |{s),. To investigate the state change induced by the measurement
process, suppose that the physical system is in the quantum state § and
the measurement apparatus is prepared in the quantum state p, before the
interaction. Furthermore, we assume that the interaction is turned on at ¢t =
0 and the duration of the interaction is p = 1/g, for the sake of simplicity. Then
the composite quantum state W of the physical system and the measurement
apparatus after the interaction becomes

W=VpQ pV' 4.4)
with
V = exp(—it ® p,) 4.5)

It is important to note that what we know about the physical system is
the outcome exhibited by the measurement apparatus, while we cannot directly
get the value of the physical quantity of the system. Thus the situation in
which the measurement apparatus shows the position value in the range A,
is described by the projection-valued measure of the measurement apparatus,

®AA) = J dr 1P, r! (4.6)
rel,

where |r), is the eigenstate of the position operator £, of the measurement
apparatus with eigenvalue » When we obtain the measurement outcome r €
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A,, the nonnormalized statistical operator W.(A,) of the quantum state of the
physical system after the measurement is calculated from (4.4)-(4.6),

WA, = Tr[d ® Z(A)W]

= f dr riV(p @ p)VIr),
rel,

= J N dr r dx J ) dy 1xXxIglyXy!

—co —0

X (e 744" (r)pole Y H1r),)

= J’ dr jm dx jm dy IxXxIplyX yl(r — xipglr — y), (4.7)
rel

r —o0 —00

where we have ignored the unimportant free time-evolutions of the physical
system and the measurement apparatus, for the sake of simplicity.

To proceed further, we introduce the spectral decomposition of the
statistical operator p, of the measurement apparatus,

Pa = 'Ey Pj"bj)a a<¢j| 4.8)
je

where & stands for the spectral set of the statistical operator p, and the
eigenvalue p; satisfies the relations

pi=0, Yp=1 (4.9)
je?

SAubstituting (4.8) into (4.7), we find that the nonnormalized statistical operator
W,(A,) becomes

W,(A,)=f drEp,-r dxr dy

rel, je¥ —® —®

X LXxIplyXylr — x)(r — y)
=J drEp,r dxr dy
rel, je¥ —o0 —o0
X xXxl(r — DpYI(r — DIyXyl

= J dr Y, pi(r — HpYi(r — %) (4.10)
rel,

je¥

where the wave function y(x) is given by Y(x) = ,(xl{);), and we have used
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the eigenvalue equation of the position operator £ of the physical system
such as

Yi(r = Dly) = Y(r — Mly) (4.11)

Therefore from equations (4.7) and (4.10), we obtain the operation SiP,(A,)
that describes the state change of the physical system caused by the posi-
tion measurement,

fB,(A,)O = J dr Jm dx Jw dy X (r—x,r— VIxXxIO0lyXyl
rel,

-0 —00

= f dr 3, pi(r — HOYJ(r — %) 4.12)
rel,

Jeg

where the integral kernel J,(x, y) is given by K, (x, ¥) = (xIp,ly), and 0
stands for an arbitrary operatory defined on the Hilbert space of the physical
system. When we introduce superoperators i, and ii_ by #,A = fiA and i_A
= Ad' for any operator A, it is easy to see that the operation L4, is
expressed as

&) = j dr K (r — 3oy r — £2)
rel,

Our next task is to show that the operation ff,(A,) given by (4.12)
describes the state change of the operational phase-space measurement of
position. To this end, we have to show that the relation (4.2) is satisfied by

the operation SB,(A,) where the operational POVM H,(A,) is given by (3.19)
or (3.23). If the relation is valid for the operation $,(A,) the POVM 11(A,)
in (4.2) is calculated as

JE

i) = J ar 3, pir = Dt = 9
rel,
- J dr j T xS pir — DRI
rel, —% je¥

= f dr fm dx Ar — xIpglr — x),lx)Xxl (4.13)
rel,

Here let us define the quantum-filter state 6 of the physical system by

(xI6ly) = % P (=Y (—x) (4.14)
JE
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Using this quantum-filter state, the POVM I1,(A,) becomes

MM=J

r

drj dx (x — rié¢lx — r)lx)xl
eA,

—oo

= f dr Jw dx flx — r)x)xl
relr

= J dr fix ~ r) 4.15)
rel,

where f(x) = (x|&1x). Comparing this result with (3.19) or (3.23), we find
thatIL,(A,) is the operational POVM of the phase-space position measurement.
Thus the operation £.4) given by (4.12) describes the state change of
the physical system caused by the operational phase-space measurement
of position.

Therefore, when we obtain the measurement outcome r € A,, the statisti-
cal operator p,(A,) of the quantum state of the physical system after the
measurement is given by

Sy Zaay Loy
Tr&ayp)  THILANRT  WiA)

This result will be used to investigate the information about the physical
system extracted from the operational phase-space measurement in Section 5.

pA4A,) = (4.16)

4.2. State Change in Momentum Measurement

We next consider the state change of the physical system caused by the
momentum measurement. In this case, the interaction between the physical
system and the measurement apparatus is given by the interaction
Hamiltonian,

Hy=gp ®p, (4.17)

Remember that we denote the eigenstate of the position operator as |u) and
the eigenstate of the momentum operator as |u). Thus, for example, we have
£ik) = kik) and plr) = rir). When the quantum states of the physical system and
the measurement apparatus before the interaction are given by the statistical
operators p and p,, their composite quantum state W after the interaction
becomes

W=0p®p)0" (4.18)
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with
U = exp(—ip ® p,) (4.19)

where we set the initial time ¢ = 0 and the interaction time T = 1/g.

Suppose that we read the value of the position variable of the measure-
ment apparatus to get the information about the momentum of the physical
system. The measurement apparatus that shows the position value in the
range A, is described by the projection-valued measure, Z,(Ay) = [,ca, dx
lx), .{x|. Thus, when we obtain the measurement outcome k « A, the
nonnormalized statistical operator W(A,) of the quantum state of the physical
system after the measurement is calculated as

WAy = Tr[( ® £ (AW

= J dk (KO ® p)UTIk),
kelAy

—00 —o0

= J dk Jm du J’Oc dv 1w)ulpv)(vi(e 7 * Y*(kl)p e ~¥ Y4k),)
kelAy

—co —o0

= J dk Jw du Jm dv lW)lpv)(vik — ulplk — v), (4.20)
kelAg

Furthermore, assuming the spectral decomposition of the statistical operator
p. given by (4.8), we obtain the expression

Widg) = j dk'S, psk — PV — p) @21)

kel je¥

where (k) = (kiy;), and we have used the eigenvalue equations of the
momentum operator such as Yk — p)lu) = (k — u)lu). Therefore we obtain
the operation LA that describes the state change of the physical system
caused by the momentum measurement,

GuUAY0 = J dk r du J Kk~ u, k — W)l Ol
eAg

k —c0 —00
= J dk Y, pik — p)Owik — p) (4.22)
kedy JeY

where we have defined the integral kernel ¥,,(u, v) = Lulp,Iv), and O is an
arbitrary operator defined on the Hilbert space of the physical system.
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It is easy to show from (3.20) or (3.24) that when we define the quantum-
filter state & of the physical system by

wIgtv) = 3 pii( =V (—w) (4.23)
je

the operation ipk(Ak) given by (4.22) satisfies
WAy = TrL(ADP] = Tr[TT(AP] (4.24)

where ﬁk(Ak) is the operational POVM of the momentum measurement,
which is given by (3.20) or (3.24). Therefore we have found that the operation
LAy describes the state change caused by the operational measurement of
momentum. The quantum state of the physical system after the operational
measurement of momentum is given by the following statistical operator:

b _ axp _ Sa0p
Trdapp)  TILAPT  WiAo

The operation ka(Ak) and the operational POVM ﬁk(Ak) completely character-
ize the operational phase-space momentumn measurement on the physical
system.

Puldp) = (4.25)

4.3. State Change in Simultaneous Measurement of Position and
Momentum

We finally consider the state change of the physical system caused by
the simultaneous measurement of position and momentum (Arthurs and Kelly,
1965; Busch, 1985; Stenholm, 1992; Braunstein et al., 1991). It will be
found later that this measurement is equivalent to the operational phase-space
measurement. In this case, we have to prepare two measurement apparatuses
as A and B; one “A” for the position measurement and the other “B” for the
momentum measurement. Here we denote quantities of the measurement
apparatus A with subscript a, such as O, and Iy),, and quantities of the
measurement apparatus B with subscript b, such as O, and I{s),,. The interaction
between the physical system and the measurement apparatus is assumed to
be given by the Hamiltonian,

Hy=80®p, 5, +p I ®p,) (4.26)

Suppose that the measurement apparatuses are initially prepared in the quan-
tum state p,, which is not necessarily factorized into p, ® p,. Therefore,
after the interaction during T = 1/g, the composite quantum state W of the
physical system and the measurement apparatus becomes

W =T ® pu)T" (4.27)
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with
T=exp[~i®p, L +p® LR pyl (4.28)
To know the position of the physical system, we read the position value
exhibited by the measurement apparatus A, and to know the momentum of
the physical system, we read the position value exhibited by the measurement
apparatus B. When the position values r and k of the measurement apparatuses
A and B belong to the ranges A, and A,, the projection-valued measure
X(A,, Ay of the measurement apparatus becomes

er' dk Ir)a a(rl ® lk)b b(k'
€A, kelAg

(4.29)

Thus the nonnormalized statistical operator W(A,, A) of the postmeasurement
state of the physical system is given by

WA, A) = Te,Tr,[(F ® Z(4,, AW

=J dr J dk {r, K\Wir, k), (4.30)
rel, kel

FolAr, A = Bu(d) @ A = f

r

where we set |1, k), = 1), @ Lk).
To calculate the right-hand side in equation (4.30), we introduce the
spectral decomposition of the statistical operator p,; by

Pap = 2% Pi)ab ] (4.31)
je

where p; = 0 and 2., p; = 1 are satisfied. Here, U stands for the spectral
set of the statistical operator p,,. If the statistical operator p,, is factorized
into p, ® p,, we have
J= Uw Jj») € Gu‘a X Ou’b = U, Pi = Pj.Piy and
Wap = Wiada & W
Substituting equation (4.31) into equation (4.30), after some calculation, we
can obtain the following expression:

oo

o 1
WA,,A)=——f drf dkf du
( ¢ (21T)2 rel, kelAg —o
X J dv J du' J dav’
X 3{[)."1(”, ul; v, V’)e —i[u(i’—r)+v(ﬁ—k)]p\ei[u'(i—r)+v'(ﬁ—k)]

= J er dk >, pX[r, pY](r, k) (4.32)
rel, kelAg

jel
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where we have defined Hom(e, u's v, V') = 4w, VIpgplte', v')ap with lu, v),,
= |u), @ Iv),, and Y(r, k) is an operator defined on the Hilbert space of the
physical system,

Yir, k) = i r du f ) dv o, VI, expl—iu(t — 1) — iv(p — k)]

—o0

= D(r, kyY;D'(r, k) (4.33)

Here D(r, k) is the displacement operator given by (2.1) and the operator Yj
is given by

1 Jw du r av a(u, VI)ap expl—i(ut + vp)]

i 2w _, .
| B ®
2w Lo u L,o v ap(at, =Vhly)apD'(v, u)
1 (= ® .
-5 f dxf dy a{—%, —y)aT(x, y) (4.34)

where the operator T(x, y) is the double Fourier transform of the displacement
operator D(v, u), which is defined by

T(x, y) = %f du [ dv D(v, u)e ~w==v

—oo —00

-1 f d% D()e*s* —* = T(a) 4.35)
T Jeer?

In this equation, the complex variables £ and o are given by £ = (v +
iu)/ﬁ and o = (x + iy)/ﬁ. The operator T(x, y) becomes Hermitian and
satisfies the following relations (Cahill and Glauber, 1969a, b; Agarwal and
Wolf, 1970a—c):

Te[T(x, T, y)1 = 2w8(x — x")d(y = y') (4.36)
Tr{T()T(B)] = w6P(a — B) (4.37)

Therefore we have found the operation fB(A,, Ap) that describes the state
change of the physical system caused by the simultaneous measurement of
position and momentum,
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(2mn)? .

Xj va du'J av’

X Kot ' v, Ve —iluE=n) V(=R gilu’ (E—n+v' (-]

&, AYO = — j dr j dk J du
rel, kel

= f drf dk >, pXir, HOYi(r, k) (4.38)
rel, kedy  JEU

where O stands for an arbitrary operator defined on the Hilbert space of the
physical system.

Next we investigate the relationship between the operation SB(A,, Ay
and the operational POVM H(A,, A,;) of the operational phase-space measure-
ment. For this purpose, we introduce an operator ¢ defined on the Hilbert
space of the physical system by

6= —LJ de dy J dx’' J dy’'
211- —o0 —co —o0 ~—00
X =X, =Yapl = X'y =¥V TG, yNT(x, )
= —I—J duJ dvj du’ j av’
21T -0 —o0 —o0 —o
X ity =VIpalu’, =v)ap DO, u)D(v, u) (4.39)

First it is easy to see from (4.36) that the operator & is normalized as

Tro = J dx J dy oX, YIPab!X, ¥Yap

= Tr,Trpay = 1 (4.40)

Next we show that § is a nonnegative Hermitian operator. To this end, we
calculate {($bIG1d) for an arbitrary state vector Id) in the Hilbert space of the
physical system,

(d161d) = % Jw du jw dv Jm du’ r’ dv'

X oty —VIpgpltt’, =V )y (SIDQ', u)DY(v, u)|d)

1 je el fe o] o , e ,
= 51_”% pj J_m du J_w dv J_m du J_w dv

X ety —VIUDap asQUjlt’s =V )ap (GIDO', YDy, w)ld) (4.41)
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where we have used the spectral decomposition of the statistical operator p,,
of the measurement apparatus given by (4.31). We now define a state vector
W) in the Hilbert space of the physical system by

;) = 7%? r du r dv D', w)ld) (1, —vIY)y, (4.42)

Using this state vector, we finally obtain the inequality

(Plold) = 2% pAYI¥) =0 (4.43)
JE

which indicates that the operator & is nonnegative. Furthermore, it is clear
from the definition that & is a Hermitian operator. Thus we have found that
the operator ¢ given by (4.39) becomes the statistical operator defined on
the Hilbert space of the physical system and we can consider the quantum
state described the statistical operator & the quantum-filter state of the physi-

cal system.
Therefore, using equations (4.33), (4.34), (4.38), and (4,39), we can
obtain the relation

WA, A) = Tr[L(A,, Ap] = Tr(fI(A,, AYp]

=1 J dr f Tr(pD(r, k)GD'(r, k)] (4.44)
27 rel, keAg

where ﬁ(A,, Ay) is the operational POVM given by (3.8). This result indicates
that the operation Q(A,, A)) given by (4.38) describes the state change of
the physical system caused by the operational phase-space measurement of
position and momentum. The quantum state of the physical system after the
operational phase-space measurement is given by the following statistical
operator:

LA, D _ LA, A _ LA, A
&, Ayp)  TA,, Aypl WA, A)
The operatlonal phase-space measurement is completely characterized by the
operation §B(A,, Ay) and the operational POVM H(A,, A.

Let us consider the case that the quantum states of the measurement
apparatus are prepared in the squeezed-vacuum states,

Pab = 1Vaal¥! & 19 Dpply'l (4.46)

where the squeezing parameters vy and v’ are assumed to be real. In this case,
we obtain

p(A,, Ay = (4.45)

1{x?

: 1 2
£=XV)a =YY )p = Ty CXP[ ) (;2—7 + ':]2—7)] (4.47)
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In particular, when we set the squeezing parameters y = y' = 3 In 2, the
operator Y; given by (4.34) becomes

1
/2T

1
T2

- L 100l (4.48)
0

J2m
It should be noted here that the index j of the summation does not appear,
since the quantum state {,, of the measurement apparatus is pure. Thus the
operation @(A,, A}, the operational POVM TI(A,, Ay, and the operational
phase-space probability W(A,, A)) of the simultaneous measurement of posi-
tion and momentum are given by

¥ =

‘[ d20L T(a)e ~tal2
aeR?

f d?a D(a)e 27
aeR2

2(8,, A0 = lj d?p. lpXplOlpXul (4.49)
P'E‘&rXAk
8,80 =2 [ i 450)
ueA,XAk
\ o
WA, Ay = —J d?p (plplp) (4.51)
m p.e&,xﬂk

where 1) is the coherent state with p. = (r + ik)/ ﬁ The operational POVM
given by equation (4.50) is equivalent to that of the ideal optical heterodyne
detection (Yuen and Shapiro, 1978, 1980; Shapiro et al., 1979; Busch et
el., 1995).

Before closing this section, we consider the case that we do not read
the result of the position (momentum) measurement in the simultaneous
measurement of position and momentum. When we do not read the outcome
exhibited by the measurement apparatus B, the operation £,(A,) of the mar-
ginal position measurement becomes

&40 = &, R)O

= —l—f drf du f dv f du’ K, (u, u'; —v, —v)
2m rel,

— —0 —o0

X e "D, we™Oe P D(v, u')e (4.52)
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and the corresponding marginal POVM f[,(A,) is given by
@) = J dr f dx fomx — PLEXx! (4.53)
red, -

where f,n (x) = {—xI6,] — x), is the filter function, and the effective
statistical operator &, of the measurement apparatus A is given by

N | S A\ 1., .
6,=Tr [CXP(—E ip. ® pb)pab €xp (5 Pa ® pb)] (4.54)

The unitary operator exp( —zl ip, ® p,) represents the quantum correlation
between the measurement apparatuses A and B through the measured physical
system. Mathematically, this unitary operator appears when we decompose
the unitary operator T given by (4.28) into

T = exp(—ip @ I, ® p,) exp(—it ® p, ® 1) exp(—% il ®p, ® p,,)

to trace out the variables of the measurement apparatus B. When we define
the quantum-filter state & by the relation (x!Gly) = ( —yl6,l — x),, equation
(4.53) becomes equivalent to equation (3.19).

On the other hand, when we do not read the outcome exhibited by the
measurement apparatus A, the operation Qk(Ak) of the marginal momentum
measurement becomes

&:A)0 = &R, AYO

= Lf dk[ duj dvf adv' Hpmlu, w; —v, —v')
2w kel —o — —o
X e Py, uye “ 0DV, u)e ~ikt (4.55)
and the corresponding marginal POVM I1,(A,) is given by
LAy = f dk j dp gpm(p — B)Ip)(p! (4.56)
kel —®

where gp.m(p) = «—pl6,) — p), is the filter function and the effective
statistical operator G, of the measurement apparatus B is given by

. 1., o .\ |
6, =Tr, [CXP(§ P, ® Pb)pab CXP(_‘z' iPa ® pb)] (4.57)

The unitary operator exp(% ip, @ p,) also represents the quantum correlation
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between the measurement apparatuses A and B through the measured physical
system, which appears when the unitary operator T is decomposed into

T = exp(—it ® p, @ I,) exp(—ip ® [, @ p,) exp(% iiI®p, ﬁb)

to trace out the variables of the measurement apparatus A. Therefore, introduc-
ing the quantum-filter state & by the relation (ul§1v) = ,(— vIG,| — u),, we
find that (4.56) is equivalent to (3.20).

In this section, we have assumed the interaction Hamiltonians (4.3),
(4.17), and (4.26) between the physical system and the measurement apparatus
to obtain the operations that describe the state change of the physical system
caused by the operational phase-space measurements. If we assume a different
interaction Hamiltonian, we obtain a different operation that corresponds to
the operational POVM.

5. ENTROPY AND INFORMATION IN OPERATIONAL PHASE-
SPACE MEASUREMENT

5.1. Position and Momentum Measurements

When we perform a quantum measurement on a physical system to
obtain some information about its quantum state, the measured quantum state
of the physical system is changed into another quantum state by the effect
of the quantum measurement. Thus the entropy of the quantum state also
changes in the quantum measurement. In Section 4, assuming the interaction
Hamiltonian between the physical system and the measurement apparatus,
we obtained the operation that describes the state change caused by the
operational phase-space measurement. In this section, using the results, we
will investigate the entropy change of the quantum state and the information
gain in the operational phase-space measurement. For this purpose, we apply
the measurement entropy (Ballan et el., 1986), but not the von Neumann
entropy, since we would like to know the information about the observable
quantity, such as the position and momentum of the physical system, in the
operational phase-space measurement. Furthermore, we consider the relation-
ship between the entropy change and the Shannon mutual information (the
mean information content) extracted from the outcomes exhibited by the
measurement apparatus (Shannon, 1948a, b; Brillouin, 1956; Majernik, 1970,
1973; Cover and Thomas, 1991). The Shannon mutual information serves as
a measure of the statistical linkage between the premeasurement system and
the measurement apparatus.
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For the physical system prepared in the quantum state p, when we
observe a quantity described by the Hermitian operator O, we obtain the
value a as the measurement outcome with probability or probability density

P(a) = (blphba) 5.1

where I{,) is the eigenstate of the operator O with eigenvalue a, that is,
OW,) = all,). If the operator O has a discrete spectrum, the measurement
entropy is given by

S=— Y P(a)InP(a) (5.2)

aed

where o stands for the spectral set of the operator O and we measure the
entropy in nats. If the operator O has a continuous spectrum, the measurement
entropy becomes

S = - j da P(a) In P(a) (5.3)
aed

which is called the differential entropy (Cover and Thomas, 1991). It is
important to note that the entropy given by (5.2) is nonnegative, while the
differential entropy defined by (5.3) can take negative values in some cases.
In this section, we use the differential entropy, since we consider measure-
ments of position and momentum observables which have continuous spectra.

Suppose that the quantum state p of the physical system is changed into
another quantum state p’ by the effect of the quantum measurement. Then
the entropy of the system also changes as S — §’. The entropy change
AS = § — §’' of the quantum state is considered the information 7 gained by
the quantum measurement (Brillouin, 1956)

I=AS=§5-§ (5.4)

In this section, we define the entropy change AS by subtracting the postmea-
surement entropy from the premeasurement entropy.

We first consider the entropy change or the information gain in the
operational phase-space measurement of position. Before the measurement,
the physical system is prepared in the quantum state . Thus the premeasure-
ment entropy defined on the set of position probability distributions is given by

Sin = —Jm dx P;(x) In Pp(x) (5.5)
with
Piy(x) = {xlplx) (5.6)
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After the position measurement, when we obtain the measurement outcome
r which belongs to the range A,, the quantum state of the physical system
is given by (4.16). In this case, the conditional probability density of position
is calculated as

P (xlr) = {xIp(r)ix) N

which is conditioned by the measurement outcome r» Here the statistical
operator p(r) is given by p(r) = lima,o p,(A,), where |A,l is the width of
the interval A,. Then we obtain from (4.12) and (4.13),

Sow _ B _ &0w
TPl TrlL(npl WA

where the operation E?f,(r), the operational POVM fl,(r), and the operational
phase-space probability density W (r) are respectively given by

SAE,(r)G = Jw dx Jw dy ¥,(r — x, r — MXxIOlyXy! 5.9

L) = j " i H,(r — x, r — x)le)xl (5.10)
Wir) = r’ dx X, (r — x, r — x){xlplx) (5.11)

with H,(x, y) = o{x1paly)a:
Thus the conditional entropy for the given measurement outcome r is
obtained by

-]

Se(r) = — j dx P®(xIr) In P2"(xlr) (5.12)

—00

Since the probability density that we obtain the measurement outcome r is
given by (5.11), the average value of the conditional entropy of the physical
system after the operational position measurement is calculated as

Sout = jm dr W (NS°(r) (5.13)

—00

Therefore, from equations (5.4), (5.5) and (5.13), the information /, obtained
by the operational position measurement is given by the entropy change,
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I, = AS, = S — §out (5.14)

We now obtain the average value S of the conditional entropy of the
physical system after the measurement. Since we obtain from (5.9)

(xI.?E,(r)f)Ix) = (r — xlflr — x){xIplx) (5.15)

we can calculate the average value S of the conditional entropy from (5.7),
(5.8), and (5.11)—(5.13),

Syt = —JZ dr [; dx(x1Z,(r)plx) ln[—<x'°(°ﬁf’(r 2 1;”)|x)]

o0

—Jm (el p) (Bl —f dx {X16,x), In (x1,1x),

—o

i

+ Jw dr W.(r) In W(r)

=§ih+ §@ —- H, (5.16)

where S is the initial entropy of the physical system and S is the initial
entropy of the measurement apparatus prepared in the quantum state p,,

§@ = —j dx (x1palx), In L(xIp,lx), (5.17)
Furthermore, the quantity H, in (5.16) represents the differential entropy
calculated from the operational probability density W' (r) of the measure-
ment outcome,

- 00

H, = _Jw dr W (r) In W.(r) (5.18)

Therefore we obtain the expression for the information gain 7, in the
operational phase-space measurement of position,

I,=H - S@ (5.19)

This result indicates that the information about the physical system extracted
from the operational position measurement is equal to the difference between
the entropy calculated from the measurement outcomes exhibited by the
measurement apparatus and the initial entropy of the measurement apparatus.
It is easy to see that we have to use the measurement apparatus that has the
smaller entropy to obtain more information about the measured physical
system.
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In the same way, we can obtain the information /; about the physical
system gained in the operational momentum measurement. The information
I, is calculated by

I, = AS, = S — St (5.20)
where Si is the entropy in the initial quantum state p of the physical system

and S{™ is the average value of the conditional entropy of the physical system
after the measurement, which are given by

sp = —j dp(piplp) In(plplp) (5.21)
St = J’°° dk W (k)S "'(k) 5.22)

with
Se(k) = _r" dp P(plk) In P™(plk) (5.23)

Here, W (k) is the operational probability density that we obtain the measure-
ment outcome k in the momentum measurement,

©

Wik) = J dp Kk = p, k = p)plplp) (5.24)

—o

where ¥, (u, v) = (ulp,v),, and P (plk) is the conditional probability
density for the given measurement outcome k,

P(plk) = (pipu(k)ip) (5.25)

where the statistical operator p,(k) of the postmeasurement state of the physical
system when we obtain the measurement outcome k is given by

Sop___Suwop _ Sukop
Tr[Lkp]  Trillkypl  Wuk)

pille) = (5.26)

with

S0 = r du J " v Kk — u, k — W)lOW)(vl  (5.27)

—00 —00
=3

(k) = f du XK,k — u, k — w)lu)ul (5.28)

—c0

These equations are derived from (4.22), (4.24), and (4.25).
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Therefore we can obtain the expression for the information 7, extracted
from the outcomes of the operational momentum measurement,

IL=H, —S@ (5.29)

where H, is the differential entropy calculated from the operational probability
density W' (k) of the measurement outcome and S{® is the initial entropy of
the measurement apparatus in the quantum state f,,

H, = —Jw dk W (ln W (k) (5.30)

—0

SE = —J dp P!PaP)a In PIB,IP)a (5.31)
The result indicates that the information about the physical system obtained by
the operational phase-space measurement of momentum is equal to the difference
between the entropy calculated from the measurement outcomes exhibited by the
measurement apparatus and the initial entropy of the measurement apparatus.

5.2. Properties of the Information in the Quantum Measurement

We now consider the properties of the information, I, and ,, given by
equation (5.19) and (5.29). First we consider the case that the accuracy 3x of the
position measurement is very high such that the condition dx << cld(riplr}/dri
can be satisfied, where ¢ is some constant factor. In this case, we may assume
that the quantum state of the measurement apparatus is approximated by ,(x!p,x),
= Bx)"' forx e [—8x/2, dx/2) and (xIp,lx), = O for x ¢ [—8x/2, dx/2). Thus
we can approximate the operational probability density W,(r) given by (5.11),

3x/2

WLr) ~ J dx 1 (r — xliplr — x) =~ (rlplr) =~ 1 P(j) (5.32)

oy OX Sx
where P(j) is the probability that the measurement outcome r belongs to
the interval of the real axis, [r; — 8x/2, r; + 8x/2), and the discrete variable
r; satisfies the relation r;,; — r; = dx for all j’s. Note that the quantity (3x)~"
appeared in the last term of (5.32) is due to the normalization condition,
ZP(j) = J2 dr W, r) = 1. Thus the differential entropy H, given by
(5.18) becomes

H, =~ —j dr {rigir) In{riglr)

—00

rj+8x/2 ; )
S T

rj—3x/2 Sx Sx

= — 2 P()In P(j) + In(3x) (5.33)
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and the initial entropy S of the measurement apparatus is approximated by

8x/2 1 1
S(ra) ~ _j dx — ln(—) = In(dx) (5.39)

_su2 ox \ox

Therefore the information /, about the physical system gained in the opera-
tional position measurement is obtained from equations (5.33) and (5.34),

I, =H,— S~ — 3 P(j)ln P(j) (5.35)
J

This result indicates that when the accuracy of the position measurement is
very high, the information /, is equal to the Shannon entropy (the information-
theoretic entropy) calculated from the probability of the discretized position
of the physical system in the initial quantum state p. The same result can be
obtained for the operational momentum measurement.

In quantum mechanics the position and momentum of a physical system
cannot be measured simultaneously with very high accuracy due to the
Heisenberg uncertainty relation for position and momentum, which is derived
from the noncommutativity of position and momentum operators, namely,
[£, p] = i (h = 1). The uncertainty relation can be interpreted by means of
the position and momentum entropies, which is called the entropic uncertainty
relation (Bialynicki-Birula and Mycielski, 1975; Maassen and Uffink, 1988;
Partovi, 1983). In our case, the entropic uncertainty relation of the measure-
ment apparatus is given by

S + §©@ = In(me) (5.36)

which is equivalent to the Heisenberg uncertainty relation, Ax,Ap, = 1/2.
For example, when the measurement apparatus is prepared in the squeezed
state with real squeezing parameter vy, the probability distributions of position

and momentum become
1 x—x :
eVJq_T exp[—( o )] (5.37)

2
. _ 1 _(p—pP
dPWalp)e = ————e _y\/; exp[ ( = )] (5.38)

where X and p are the real and imaginary parts of the complex amplitude of
the squeezed state. Then we obtain the differential entropies of position
and momentum,

S@ = %ln(‘n‘el”“’), S@ = %ln(ﬂel_zy) (5.39)

oX1Palx)a =

which yields the equality S + S{ = In(we), since the squeezed state with
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real squeezing parameter is the minimum-uncertainty state in which Ax,Ap,
= 1/2 is attained.

On the other hand, it is shown that the differential entropies of position
and momentum S!¥ and S§ satisfy the inequalities (Hall, 1995),

S{a) =% InQ2me) + In Ax, (5.40)
Sia) = $1n(2me) + In Ap, (5.41)

which can be derived by the variational method. Therefore, we obtain the
inequality

S@ 4+ §{@ < In(2we) + In(Ax,Ap,) (5.42)

Using the relations (5.36) and (5.42), we find that the information I, and I,
obtained by the operational position and momentum measurements satisfies

H, + H, — In2meAx,Ap,) =1, + I, = H, + H, — In(we) (5.43)

It should be noted here that the uncertainty product Ax,Ap, is calculated in
the initial quantum state p, of the measurement apparatus. In particular, when
we use the measurement apparatus prepared in the minimum-uncertainty state
which yields the equality Ax,Ap, = 1/2, we obtain the relation

I.+1I,=H, + H, — In(ew) (5.44)

Let us now consider the case that the measurement apparatus is prepared
in a thermal state where the average value of the thermal photon number is
given by 7. In this case, we obtain the position and momentum probability
distributions of the measurement apparatus,

N 1 x?
Kxlpaix), = ﬁ'r T exp( T 2ﬁ) (5.45)

. _ 1 p?
APPalP)a = RS eXP( 1 2ﬁ) (5.46)

Thus the initial entropies S and S{” of the measurement apparatus are
calculated as
§@ =8@ = —;—ln['n‘e(l + 2m)] 547

To proceed further, suppose that before the measurement, the physical system
is in the coherent state la) with complex amplitude o = (g + ip)/ﬁ. Then,
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substituting (5.45) and (5.46) into (5.11) and (5.24), we obtain the operational
probability densities W (r) and W (k) of the measurement outcomes

_M] (5.48)

W.(r) = —1——— ex [
N ot P 21 + w)
k= py ”)2] (5.49)

1
J2a(l * 7) exP[ AL+ 7)

which yields the entropies for the results of the operational phase-space
measurements,

Wyk) =

H, = H, = 1 In[2we (1 + )] (5.50)

Therefore we find the information about the physical system obtained by the
position and momentum measurements from (5.47) and (5.50),

_, 1. 1200 +n)
I, =1, 5 ln[——1 g ] (5.51)

which satisfies inequality 0 = I, () = In \/5 The maximum value of the
information that we can obtain by the operational measurement is 0.5 bits,
which is attained by the measurement apparatus prepared in the vacuum state
(n = 0). Note that the fluctuations of position and momentum in the thermal
state of the measurement apparatus become Ax, = Ap, = /i + /2. Thus
we obtain the relation,

2(1 + n)

T o ] I, + I, (5.52)

H, + H, — In[2weAx,Ap,] = ln[

which means that the lower bound in (5.43) is attained in this measurement.

If we know only the average value m of the photon number of the

physical system before the measurement, the quantum state p of the physical

system is estimated by, according to the maximum-entropy principle (Jaynes,
1957a, b),

.1 & m Y
p—1+m"§=:0<1+n_1>ln)(nl (5.53)

In this case, the operational probability densities W ,(r) and W (k) of the
measurement outcomes are calculated as

2

S e I —
YOS i e"p[ 21+ ﬁ)] -39

Wilk) = (5.55)

1 o [_ k> ]
Salrmarn P21+ m
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Therefore we obtain the information I, and I; about the physical system
extracted from the outcomes of the operational position and momentumn
measurements,

21 +m+ﬁ)] (5.56)

1
1’=”‘=_1"[ 1+ 21

2

If we can ignore the effect of the quantum fluctuations of the physical system
and the measurement apparatus (7 >> 1, 7 >> 1), equation (5.56) becomes

=1~ % 1n< 1+ %) (5.57)

This result is similar to the classical capacity C « In(1 + $/N) for the
Gaussian communication channel, where the channel capacity is the maximum
value of the mutual information (Shannon, 1948b; Cover and Thomas, 1991;
Caves and Drummond, 1994) and $/N (= m/n) represents the signal-to-noise
ratio in the communication channel. The position or momentum measurement
corresponds to the homodyne detection in quantum optical systems.

Finally we investigate the relation of the information I, (I;) calculated
from the entropy change of the physical system to the Shannon mutual
information $, ($,) obtained from the measurement outcomes. The Shannon
mutual information $, for the position measurement is given by (Shannon,
1948a, b; Brillouin, 1956; Cover and Thomas, 1991)

[ B _ P(xly)
$, = J de dy P(x1y)Po() ln[ P (x)] (5.58)

—oo —00

where P;(x) and P,,(x) are the input and output probability densities, and
P(xly) is the conditional probability density which connects the input probabil-
ity density with the output probability density,

00

Poy(x) = f dy P(x\y)Pi(y) (5.59)

—w

The Shannon mutual information $, obtained in the momentum measurement
is defined in the same way.

In our case of the operational phase-space measurement, the input proba-
bility corresponds to the initial (or the premeasurement) position probability
of the physical system in the quantum state p and the output probability to
the operational position probability. Thus we find that P, ,(x) = (xIplx) and
Poux) = W (x). Furthermore, comparing (5.11) with (5.59), it is easy to see
that the conditional probability density is given by P(xly) = ,(x — ylp.lx —
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¥).. Therefore, when we express the average value S of the conditional
entropy of the physical system in terms of P;,(x), P,,(x), and P(xly), we obtain

s = — r dx r dy P(x1y)Pi(y) ln[———P by f“(y)]
o Jew Poy(x)

- j T i f " dy PIy)Pa(y) ln[ﬂ’i’y—’-]

Poy(x)

- ~00

_ f dx f dy P(ely)Pu(y) In Piy)

LC1) B P .
Pw(x)] f dx Py(x) In Py(x)

=—9,+8 (5.60)

—r dxr dy P(1y)Pa(3) ln[

-0 —oo

which yields the the relation I, = Si* — §% = $_ In the same way, we
obtain the relation I, = $, for the operational momentum measurement.
Therefore we have found that the information calculated as the difference
between the premeasurement entropy and the average value of the postmea-
surement entropy of the physical system is equal to the Shannon mutual
information extracted from the result of the operational phase-space measure-
ment. The measurement process, the entropy change, and the mutual informa-
tion that we have considered are schematically shown in Fig. 2. In the figure,
X, Y, and Z represent the sets of probability events in the premeasurement
and postmeasurement quantum states of the physical system and in the result

Entropy change

y y
The pre-measurement state The post-measurement state

X

4

|
@@ The effect of the measurement
|
1
’the measurement outcome l |

Fig. 2. Schematic representation of the measurement process, the entropy change, and
the mutual information.
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obtained by the measurement apparatus. Using X and Z, we can express the
Shannon mutual information $ (= $, or $,) as

$ = HX) — HXZ) = H(Z) — HZX) (5.6

and the information calculated as the entropy change of the physical system
is given by

I'=HX)—- HYZ) (5.62)

where H(U) is the Shannon entropy (the information-theoretic entropy)
obtained for the set U of the probability events and H(U1V) is the conditional
entropy (Shannon, 1948a, b; Cover and Thomas, 1991). The equality / = $
yields the relation H(X1Z) = H(Y|Z) in our measurement model. This relation
indicates that the ambiguity in our knowledge about the premeasurement
state of the physical system is equal to that in our knowledge about the
postmeasurement state, provided we obtain the measurement outcome for
the physical system.

5.3. Simultaneous Measurement of Position and Momentum

Using the results obtained in Section 4.3, we consider the information
about a physical system obtained by an operational phase-space measurement
of position and momentum. In this case, to calculate the entropy and informa-
tion, we need the probability distribution of position and momentum in the
quantum state of the physical system, that is, the probability distribution P (x,
p). It is known, however, that there is no such probability distribution in
quantum mechanics. Thus, to avoid this difficulty, we apply the phase-space
Q-function (Husimi function) (Husimi, 1940; Kano, 1965; Mehta and Sudars-
han, 1965) as the probability distribution of position and momentum for
estimating the entropy and the information. The entropy calculated by means
of the phase-space Q-function is called the Wehrl entropy (Wehrl, 1978, 1979).

The Wehrl entropy of the initial quantum state p of the physical system
is given by

m= —J d’B 0i(B) In 0;(B) (5.63)
BER2

where Q,,(B) is the Q-function of the initial quantum state of the physical
system, namely, Q;(B) = 7~ !(BIp/B) with the coherent state |3). When we
obtain the measurement outcomes r and k in the operational phase-space
measurement, the conditional Q-function of the postmeasurement state of
the physical system becomes

1 (BI&(r, by
QouBlr, B = — i&%}:—r—%’@ (5.64)
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where the operation L1, k) describing the state change of the physical system
and the operational phase-space probability density W (#, k) of the measure-
ment outcome are given by

fg(r, KO0 = (2;)2 Lw du J_m dy J_w du’' f_w av' K, (u, u's v, v')
X e —i[u(,\?—r)+v(ﬁ—k)]OAei[u'(i’-r)+v’(ﬁ—k)] (5.65)
1

W, k) = Tr[?g(r, k)pl = = Te[D(r, )6D'(r, k)p] (5.66)

27

Here J{,_n(u, u'; v, v') = ,(u, viplu’, v'),, [see equation (4.38)] and the
statistical operator & is given by equation (4.39). Then the average value

o of the conditional Wehrl entropy of the physical system after the measure-
ment is calculated as

Sy = J dr f dk W(r, k)S%(r, k) (5.67)

with
SH(r, k) = —J , d*B Qou(BIr, K)In QouBlr, k) (5.68)
BeR

Using equations (5.63) and (5.67), we obtain the information 7, about
the physical system gained by the operational phase-space measurement of
position and measurement,

Ly = Si — S¥ (5.69)
Then, it is easy to see from equations (5.63), (5.64), and (5.67)—(5.69) that
the information /,; can be expressed as

Iy = Hrk - A}rk (570)

where H,, is the differential entropy calculated by the operational phase-
space probability density W(#; k) of the measurement outcome,

Hy = —f er dk W(r, k) In W(r, k) (5.71)
and the quantity A$,, is given by
aga= 2| ar[ | @ pe @l oe)
BeR2

— —@®

=}

+%j2d%@wmm@wm (5.72)
BeR
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Using equations (5.70)—(5.72), we can estimate the information I, about the
physical system extracted from the operational phase-space measurement of
position and momentum, where the estimation is performed by using the
Wehrl entropies.

To obtain the information 7, explicitly, suppose that the measurement
apparatus of position and momentum are prepared in the vacuum states,

Pas = 10)q o{01 & 10) 50! (5.73)

Furthermore, the measured physical system is in the coherent state lo) with
a=(qg+ ip)/ﬁ before the measurement. In this case,the phase-space Q-
function Qy,(B) of the initial quantum state of the physical system and the
operational phase-space probability density W(r, k) of the measurement out-
come are given by

1
Oin(B) = - exp(—IB — al?) (5.74)
W(r, k) = ;iﬁ exp(——g Iw = alz) (5.75)
where we set p. = (r + ik)/ \/E Therefore we obtain the entropies S and H,
i = In(ew), Hy = 1n<9¥) (5.76)

Furthermore, the quantity (BIQ(r, k)pIB) is calculated as
2

<B|§(r’ k)ﬁ'B) — # J du J dv e—l/2(u2+v2)+i(ur~uk)<B|e—i(uﬁ—vﬁ)la>
1 2
=3 J d?z e” o uN B D(7)lor)
™ zeR2
2
4 (8 gt
= om exp( 9 W — al ’B 3 ’ ) .77

which yields A$,, = In(9mwe/4). Therefore it is found from equations (5.70)
and (5.76) that the information I,, is estimated to be zero. This result indicates
that when we measure the physical system in the coherent state with the
measurement apparatus prepared in the vacuum states and we estimate the
information gain by means of the Wehrl entropies, we cannot obtain any
information about the system.

Next we consider the case when we know only the average value 7 of
the photon number of the physical system. According to the maximum-
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entropy principle (Jaynes, 1957a, b), the quantum state of the physical system
is described by the thermal state given by (5.53). In this case, the Q-function
Qi (B) of the initial quantum state of the physical system and the operational
phase-space probability density W(r, k) of the measurement outcome are
given by

0i.(B) = S — exp| — B (5.78)
in ml+m N 1+m .
_ 4 8l
Wb = 5 m) e"p( 9+ sm) (579
which yields the entropy
n = In[we(l + @), Hy= ‘“[M] (5.80)

Furthermore, the quantity (Blﬁf(r, k)pIB) is calculated from (5.77),
(BIL(r, )pIB)

' 2
-1 J d’a eXp(—@) 4
T |, g2 m | 97w

2

_'.
X exp(—g lw — al? - lB - %’J—',)
9+ 8m

_ 4 [_ 23 + 4m)
T 9na +m) P Tl + m)

9 + 8m

2 8
- _ 2
‘[3 i 978 Ip,l]

from which we can obtain A%, = In(9 we/4). In this equation, we have used
the P-representation of the thermal state of the physical system. Therefore,
it is found from equations (5.70) and (5.80) that the information I, about
the physical system is given by

Ly = In(1 +3m) (5.82)
If the average photon number of the physical system is sufficiently large

(m >> 1), we find that I, =~ H, ~ In M. Of course, if i = 0, we cannot
obtain any information about the physical system (/;, = 0).

6. SUMMARY

In this paper, we have consider the state change, quantum probability,
and information gain in an operational phase-space measurement. For this
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purpose, we have obtained the operational POVM which yields the quantum
probability of the measurement outcome and the operation (or the complete
positive instrument) which describes the state change of the measured physical
system caused by the effect of the operational phase-space measurement.
The properties of the operational POVM and marginal POVM and their
Naimark extensions have been investigated. It has been found that the Naimark
extensions are expressed in terms of the relative-position states and the
relative-momentum states in the extended Hilbert space. Furthermore, it has
been shown that the observable quantities measured in the operational phase-
space measurement are given by fuzzy or unsharp observables which are not
necessarily Hermitian operators due to the quantum noise of the measurement
apparatus. The state change of the physical system measured in the operational
phase-space measurement is described by an operation which has been
obtained explicitly for the position measurement, the momentum measure-
ment, and the simultaneous measurement of position and momentum. In this
case, we have assumed the standard models for the interaction Hamiltonians
between the measured physical system and the measurement apparatus. Using
the results, we have investigated the information about the physical system
gained in the operational phase-space measurement. Then we found that the
average value of the entropy change of the physical system is equal to the
Shannon mutual information extracted from the outcomes exhibited by the
measurement apparatus.

Finally, investigations of the information about a measured physical
system and the state change caused by the effect of a quantum measurement
provide the basis of the quantum mechanical phenomena in the quantum
communication and information theory (Bendjaballah et al., 1991; Belavkin
et al., 1995; Hirota et al., 1997). For instance, extracting information from
a received quantum-state signal is nothing but an operational quantum mea-
surement. Eavesdropping for a quantum communication system causes the
state change of the signal that carries information.
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